Entropy for hyperbolic Riemann surface 
laminations II 

Tien-Cuong Dinh, Viet-Anh Nguyen and Nessim Sibony 

September 22, 2011 

Abstract 

Let (X,Jf,E) be a Brody hyperbolic foliation by Riemann surfaces 
with linearizable isolated singularities on a compact complex surface. We 
show that its hyperbolic entropy is finite. We also estimate the modulus 
of continuity of the Poincare metric on leaves. The estimate holds for 
foliations on manifolds of higher dimension. 
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1 Introduction 

In this second part, we study Riemann surface foliations with tame singular 
points. We say that a holomorphic vector field F in C k is generic linear if it can 
be written as 

j=i uz i 

where the Xj are non-zero complex numbers. The integral curves of F define a 
Riemann surface foliation in C k . The condition Xj ^ for every j implies that 
the foliation has an isolated singularity at 0. 

Consider a Riemann surface foliation with singularities (A", j£f , E) in a com- 
plex manifold X. We assume that the singular set E is discrete. By foliation, we 
mean that ££ is transversally holomorphic. We say that a singular point e G E 
is linearizable if there are local holomorphic coordinates on a neighborhood U of 
e in which the foliation is given by a generic linear vector field. 

The purpose of the present paper is to study the notion of Brody hyperbolicity 
for compact Riemann surface foliations that will be given in Definition 13. II below. 
Here is our main result. 
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Theorem 1.1. Let [X,Sf,E) be a singular foliation by Riemann surfaces on a 
compact complex surface X. Assume that the singularities are linearizable and 
that the foliation is Brody hyperbolic. Then, its hyperbolic entropy h(Jif) is finite. 

We deduce from the above theorem and a result by Glutsyuk [3] and Lins 
Neto [1] the following corollary. It can be applied to foliations of degree at least 
2 with hyperbolic singularities. 

Corollary 1.2. Let (P 2 ,«5f, E) be a singular foliation by Riemann surfaces on 
the complex projective plane P 2 . Assume that the singularities are linearizable. 
Then, the hyperbolic entropy h(J£) of(F 2 ,^,E) is finite. 

In Section [2j we prove the fmiteness of the entropy in the local setting near a 
singular point in any dimension. The main result in this section does not imply 
Theorem 11.11 However, it clarifies a difficulty due to singular points. We use 
here a division of a neighbourhood of a singular point into adapted cells. The 
construction of these cells is crucial in the proof of Theorem 11.11 

In Section [31 we will estimate the modulus of continuity for the Poincare metric 
along the leaves of the foliation. We will use the notion of conformally (R, en- 
close maps as in the case without singularities but there are several technical 
problems. Indeed, we have to control the phenomenon that leaves may go in and 
out singular flow boxes without any obvious rule. 

The estimates we get in Section [3] hold uniformly on X. They are still far from 
being sufficient in order to get Theorem 11.11 i.e. the finiteness of entropy in the 
global setting. The proof of that result is more delicate. It is developed in the last 
three sections. We are only able to handle the interaction of the two difficulties 
mentioned above for foliations on complex surfaces and we conjecture that our 
main result is true in any dimension. A basic idea is the use of conformally 
(R, <5)-close maps from leaves to leaves with small Beltrami's coefficient as in the 
case without singularities. In particular, we will glue together local orthogonal 
projections from leaves to leaves. However, we have to face the problem that 
the Poincare metric is not bounded from above by a smooth Hermitian metric 
on X and hence the Beltrami coefficient of orthogonal projections from leaves 
to leaves is not small near the singularities. We solve this difficulty by replacing 
these projections near the singularities by adapted holomorphic maps which exist 
thanks to the nature of the singular points. 

We can introduce, for any extremal harmonic measure m, the metric entropy 
h(m), the local entropies h^ and the transverse local entropies h^. As in the case 
without singularities, we can show that /i ± are constant m-almost everywhere 
and h^ < h^ + 2. We believe that h ± = h ± + 2 and then h^ are constant m- 
almost everywhere but the question is still open. Other open problems stated 
for laminations without singularities in pQ can be also considered for singular 
foliations. 
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The rest of the paper is quite technical. In order to simplify the presentation, 
we will not try to get sharp constants in our estimates and we prefer to give simple 
statements. In particular, for the results below, we assume that the hyperbolic 
time R is large enough and we heavily use the fact that R is larger than any fixed 
constants. Our notation is carefully chosen and we invite the reader to keep in 
mind the following remarks and conventions. 

Main notation. We use the same notation as in Part 1 of this paper [I], e.g. 
D, rO, Dr, Up, distp, diamp, rj, L x , <p x : D — > L x , distp, distn^ and p T . Denote 
by D(£, R) the disc of center £ and of radius R in the Poincare disc D and 
log*(-) := 1 + | log(-) | a log-type function. Conformally (R, 5)-close points are 
defined as in [1] with an adapted constant A := 3c^ and for 5 < e~ 2R . If D is a 
disc, a polydisc or a ball of center a and p is a positive number, then pD is the 
image of D by the homothety x h- > px, where x is an affine coordinates system 
centered at a. In particular, pUj and pV e correspond respectively to a regular 
flow box and to a flow box at a singular point e G E. 

Flow boxes and metric. We only consider flow boxes which are biholomor- 
phic to D fc . For regular flow boxes, i.e. flow boxes outside the singularities, the 
plaques are identified with the discs parallel to the first coordinate axis. Singular 
flow boxes are identified to their models described in Section [2j In particular, the 
leaves in a singular flow box are parametrized in a canonical way using holomor- 
phic maps ip x : U x — > L x , where H^. is a convex polygon in C. 

For each singular point e G E, we fix a singular flow box U e such that 3U e R 
3U e / = if e ^ e'. We also cover X \ u|U e by regular flow boxes which 
are fine enough. In particular, each Uj is contained in a larger regular flow box 
2U-; with 2Uj R |U e = such that if 2U, intersects U e , it is contained in 2U e . 
More consequences of the small size of Uj will be given when needed. We identify 
{0} x D fc_1 with a transversal Tj of Uj and call it the distinguished transversal. 
For x G Uj, denote by A(x,p) the disc of center x and of radius p contained in 
the plaque of x. 

Fix a Hermitian metric u on X which coincides with the standard Euclidean 
metric on each singular flow box 2U e ~ 23 k . 

Other notation. Denote by L x [e] the intersection of L x with the ball of center 
x and of radius e with respect to the metric induced on L x by the Hermitian 
metric on X. It should be distinguished from L x (e) := x (D e ). We only use e 
small enough so that L x [e] is connected and simply connected. Fix a constant 
eo > small enough so that if x is outside the singular flow boxes |U e , then 
L x [e } is contained in a plaque of a regular flow box |Uj. If L x (e ) := x (D eo ) is 
not contained in a singular flow box |U e , then <p x is injective on D eo . 

The constant 7 is given in Lemma 12.101 The constant A in Section |2] can 
be equal to A* but we will use later the case with a large constant A. Define 
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ai '■= e _e and «2 := e _e . The set E and the maps Ji, & x ,y, ^x,y,^x,y are 
introduced in Section [21 The constants A and q are introduced in Section [3] 
with A := 3cf. The constants m ,mi, h,p are fixed just before Lemma [3T9l the 
constant t just after that lemma. They satisfy C\ <C m , Cim <C mi, mih <C e 
and p := m\ . 

Orthogonal projections. For x = (xi, . . . ,Xk) € C fc , define the norm as 
max \xj\. We choose eo > small enough so that if x and y are two points outside 
the singular flow boxes jU e such that dist(x, y) < e , then for the Euclidean met- 
ric, the local orthogonal projection <£> from L x [eo] to L y [10eo] is well-defined and 
its image is contained in Lj,[3eo]. In a singular flow box U e ~ D fc , since the metric 
and the foliation are invariant under homotheties, when dist(x,y) < eo||a;||i, the 
local orthogonal projection is well-defined from L x [eo||a;||i] to Lj,[10e ||x||i] with 
image in L y [3e ||a;||i]. If moreover, x,y are very close to each other and are out- 
side the coordinate hyperplanes, a global orthogonal projection from L x to 
L y is constructed in Lemma 12.111 All projections described above are called the 
basic projections associated to x and y. They are not holomorphic in general. 

In order to construct a map ip satisfying the definition of conformally (R, 5)- 
close points, we have to glue together basic projections. In the case without 
singularities [1], we have carefully shown that the gluing is possible, i.e. there is 
no monodromy problem. The same arguments work in the case with singularities. 
We sometimes skip the details on this point in order to simplify the presentation. 



2 Local models for singular points 

In this section, we give a description of the local model for linearizable singular- 
ities. We also prove the finiteness of entropy in this setting. The construction of 
cells and other auxiliary results given at the end of the section will be used in 
the proof of Theorem II. 1L 

Consider the foliation (O fc , Jzf, {0}) which is the restriction to B> k of the folia- 
tion associated to the vector field 

j=i uz i 

with Xj G C*. The foliation is singular at the origin. We use here the Euclidean 
metric on B> h . The notation L x , (p x , rj, dist^ and h(-) below are defined as in the 
case of general foliations. Here, we use a hat for some notations in order to avoid 
the confusion with the analogous notations that we will use later in the global 
setting. 
Define 

A* : : 



max { Ai 


I ! • • • ) 


|A*|} 


min { Ai 


5 ■ ■ ■ 5 | 


A fc |} 
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Theorem 2.1. For every compact subset K of3 k , the hyperbolic entropy h(K) 
of K is bounded from above by 70k\*. 

Observe that the entropy of K is bounded independently of K. For the proof 
of this result, we will construct a division of B> k into cells whose shape changes 
according to their position with respect to the singular point and to the coordinate 
hyperplanes. These cells are shown to be contained in Bowen (Ft, e _i? )-balls and 
we obtain an upper bound of h(K) using an estimate on the number of such cells 
needed to cover K. We start with a description of the leaves of the foliation. 

For simplicity, we multiply F with a constant in order to assume that 

min { | Ai | , . . . , | Afc | } = 1 and max {|Ai|, . . . , \\k\} = K- 

This does not change the foliation. Write Xj = Sj + itj with Sj,tj G R. For 
x = (xi, . . . , x k ) G B k \ {0}, define the holomorphic map tp x : C ->■ C k \ {0} by 

^(C) := (x ie x ^,...,x k e x ^) for ( G C. 

It is easy to see that <p x {C) is the integral curve of F which contains (p x (0) = x. 

Write ( = u + iv with u,v G M. The domain U x := ip~ 1 (JD) k ) in C is defined 
by the inequalities 

sju — tjv < — log \xj\ for j — 1, . . . , k. 

So, IT is a convex polygon which is not necessarily bounded. It contains since 
ip x (0) = x. Moreover, we have 

dist^O,^) = mm — — , . . . , p— j — K 

l A i| l^fcl 

Thus, we obtain the following useful estimates 

— A^ 1 log ||x||i < dist(0, dll x ) < — log ||x||i. 

The leaf of J2? through x is given by L x := (p x (Tl x ). Observe that when 
the ratio are not all rational and all the coordinates of x do not vanish, 

ip x : Tl x — > L x is bijective and hence L x is simply connected. Otherwise, when 
the ratios Xi/Xj are rational, all the leaves are closed submanifolds of B> k \ {0} 
and are biholomorphic to annuli. 

Let t x : D — > Tl x be a biholomorphic map such that r x (0) = 0. Then, 
(fix '■= <£x t x is a map from D to L x and is a universal covering map of L x 
such that <fi x (0) = x. If 00 p and uq denote the Hermitian forms associated to the 
Poincare metric and the Euclidean metric on IT, define the function i) x by 

U = $ 2 x Up. 

The following lemma describes the Poincare metric on Tl x . The first assertion is 
probably known and is still valid if we replace IT by an arbitrary convex domain 
in C. Recall that rj is given by oj = rfojp on L x . 
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Lemma 2.2. We have for any a G 11-,; 

^ dist(a, dU x ) < i? x (a) < dist(a, dU x ). 

In particular, we have 

— -A^llrrlli log ||x||i < fj(x) < — fcA*||x||i log ||x||i. 

Proof. For each a G H x , consider the family of holomorphic maps a : D — >■ U x 
such that <j(0) = a. Denote by ||D(j(0)|| the norm of the differential of a at 
with respect to the Euclidean metrics on D and on U x . The extremal property 
of up implies that 

■& x {a) = X - max \\Da(0)\\. 

Now, since the disc with center a and radius dist(a, dH x ) is contained in U x , 
the first estimate in the lemma follows. Let / be a side of II, which is tangent to 
the above disc. Consider the half-plane EI containing II, such that I is contained 
in the boundary of H. The Poincare metric on U x is larger than the one on H. 
The Poincare metric on H is associated to the Hermitian form dist(-, 8M.)^ 2 uq. 
This implies the second estimate. 

For the second assertion in the lemma, we have 

fj(x)= ^(0)11^(0)11. 

This, the first assertion and the above estimates on dist(a, 911^) imply the result 
because we get from the definition of ip x that ||x||i < ||D<^a;(0)|| < fcA*||x||i. □ 

Fix a constant A such that A > A*. For the main results in this section, it is 
enough to take A = A* but we will use later the case with a large constant A. Fix 
also a constant < p < 1 such that K is strictly contained in pD fc . Denote by 
fl x C the set of points ( := u + iv such that 

SjU — tjV < — log \xj\ — e~ 20XR for j — 1, . . . , k 
|C| < e 20AR 

7XH 23AJ? 

Recall from the introduction that a\ := e~ e and «2 := e~ e " . 

Lemma 2.3. Assume that a i < ||x||i < p. Then, t x (D 7 r) is contained in Q x . In 
particular, (p x (JD>jR) is contained in p'B> k with p' := e~ e ~ 1 — e~ 21XR . 

Proof It is not difficult to see that (p x (Vt x ) is contained in p'D fc . So, the second 
assertion in the lemma is a direct consequence of the first one. We prove now 
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the first assertion. Consider a point ( G t x (B> 7 r). By the second inequality in 
Lemma [2 .2\ the Poincare distance between and ( in is at least equal to 

/*' * > / lcl — = kg (i |L 

Jo t + dist(0, dlix) Jo t — log||rr||i ^ log ||x|| 

Since £ is a point in t x (3 7 r), this distance is at most equal to 7R. Therefore, 
using that ||x||i > aci, we obtain 

|C|<-log||x|| ie 7/? <e 20Ai? . 

So, if the lemma were false, there would be a ( with distp(0,C) < 7R such 
that 

SjU - tjV = - log \xj\ - e ~ 20XR 

for some j. It follows that dist(C,<9n x ) < e~ 20XR . Hence, using Lemma [2.21 and 
the estimate 

dist(0,<9n x .) > -A" 1 log > -A _1 logp, 

we obtain 



/•distco.sn^) dt 

dist P (0,C)> / — = logdist(0,an ffi ) -logdist(C,9n a 

Jdist(C.dU^) t 



> 7R. 



rdist(0,OT,) fa 

This is a contradiction. □ 



In order to prove Theorem 12. 1[ we need to study carefully the points which 
are close to a coordinate plane in C k . We have the following lemma. 

Lemma 2.4. Let x be a point in pD k such that \\x\\i > a±. Let m be an integer 
such that 1 < m < k and \xj\ < 2a 2 for j = m + 1, . . . , k. Then, x (D 7 p) is 



'SRink—m 



contained in D m x e iH B>' 

Proof. Let £ be a point in IO^p. Define ( := t x (£) and x' := <p x {0 = y?x(C)- We 
have to show that \x'A < e~ 3R for j > m+ 1. By definition of (p x , we have 



je^l < 2a 2 e m . 



This, combined with the first assertion of Lemma [2.3[ implies the result. □ 

We consider now the situation near the singular point. 

Lemma 2.5. < 2a x and < 2ct\, then x and y are (R,e~ R ) -close. 

Proof. It is enough to show that x (Dp) C e~ 2R 1D) k . This and the similar property 
for y imply the lemma. Consider £, ( = u + iv and x' as above with £ £ Op. A 
computation as in the end of Lemma 12.31 implies that 

R> dist P (0,C) > logdist(0,an a: ) - logdist(C, dU x ). 
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Since ||x||i < 2a±, we have logdist(0, dH x ) > 6\R and then dist(£, dlL) > 3R. 
It follows that 

for every j. The result follows. □ 

Lemma 2.6. Let x be a point in p3 k and 1 < m < k be an integer such that 
\\x\\i > «i and \xj\ < 2a<i for j = m + 1, . . . , k. If x' := (xi, . . . , x m , 0, . . . , 0), 
then x and x' are (R,e~ 2R ) -close. 

Proof. Fix a point £ 6 Bp. We have to show that dist(0a.(£), (j> x '(Q) < e~ 2i? . 
Observe that by hypotheses = Q x C ILj. So, by Lemma I2.3[ r x / defines a 
holomorphic map from to U x . Observe that the Euclidean radius of O7P is 
larger than 1 — 2e~ 7R . Hence, using the extremal property of the Poincare metric, 
we deduce that 

MO) < (l + 3e- 7fl )^(0). 

Consider the map r := t~, ot x from to D. We have ||Z?r(0)|| > 1 — 3e~ 7R . 
Composing r x with a suitable rotation allows us to assume that Dt(0) is a positive 
real number. By Lemma 2.3 in [1] applied to r, there is a point £' such that 
distp(£, £') <C e _2/? and t x /(£') = r :r (£). Observe that the first m coordinates of 
4> x {£) are equal to the ones of (f) x ' (£,')■ Therefore, by Lemma T2.4I applied to x and 
to x', the distance between 4> x (£) and (f> x '(£') is less than ke~ 3R . On the other 
hand, 

dist(fe(0, &(£')) £ dist P (^(0,^'(e')) = dist P (e,0 « e" 2/? . 

The lemma follows. □ 

Consider now two points x and y in pD k such that for each 1 < j < k one of 
the following properties holds 



(SI) \xj\ < a 2 and \yj\ < ct2] 



(S2) Xj, z/j 7^ and 



Vj 



< e ~ 22XR and 



Ml — I 



< e -22XR 



We have the following proposition. 
Proposition 2.7. Under the above conditions, x and y are (R,e~ R ) -close. 

Proof. If ||x||i < 2a% and \\y\\i < 2«i, then Lemma |2"31 implies the result. Assume 
this is not the case. By condition (S2), we have ||x||i > oi\ and \\y\\i > a.\. 
Moreover, up to a permutation of coordinates, we can find 1 < m < k such that 
— a 2i \yj\ > ci2 for j < m and \xj\ < 2«2, \]Jj\ < 2ct2 for j > m + 1. By 
Lemma I2.6[ we can assume that Xj = yj = for j > m + 1. Now, in order to 
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simplify the notation, we can assume without loss of generality that m = k. So 
we have \xj\ > a 2 and \yj\ > a 2 for every j. 

1 x,y 



Define the linear holomorphic map *& X y : C fc — ?■ C fc by 



^x.y(z) := (—zi, . . . , — z k ), z = (zi, ...,z k )e C k . 
\Xi x k / 

This map preserves the foliation and sends x to y. Moreover, the property (S2) 
implies that for such x,y, \\^? x ,y ~ id 1 1 <C e~ 21XR on 3 k . 

Define also <p y := ^ x ,y ° <fix- It follows from the last assertion in Lemma [2.31 
that this map is well-defined on 3 7R with image in L y and we have 4> y (0) = y. 
We also deduce from (S2) that dist((/> x (£), <j> y (£)) -C e~ R . It remains to compare 
(fiy and (fi y on H R . 

Using the extremal property of the Poincare metric, we obtain 

\\D$ y (0)\\ > (1 - e- 6R )\\D$ y (0)\\ > (l-e- 5R )\\DU0)l 

By symmetry, we deduce that ||Z?0,,.(O)||, ||I?^j,(0)|| and ||£)0 y (O)|| are close, i.e. 
their ratios are bounded by 1 + e _4i? . 

Since <p y is a universal covering map, there is a unique holomorphic map 
r : — > D such that r(0) = and (j) y o r = <p y . Composing <ft y with a suitable 
rotation allows us to assume that Dr(0) is a positive real number. It follows 
from the above discussion that |1 — r'(0)| < e~ 4R . Lemma 2.3 in [1] implies that 

dist P (^,r(0) < e~ R on B R . Hence, dist P (J y (0, < for ^ in The 

proposition follows. □ 

End of the proof of Theorem 12.11 The idea is to divide D fc into cells which 
are contained in Bowen (R, e _R )-balls. The sizes of these cells are very different 
and this is one of the main difficulties in the proof of Theorem 11.11 

We first divide D into rings using the circle of center and of radius a.2e ne 
for n — 1, . . • , e mXR . In fact, we have to take the integer part of the last number 
but we will not write it in order to simplify the notation. Then, we divide these 
rings into cells using e 23XR half-lines starting at which are equidistributed in C. 
We obtain less than e 70XR cells and we denote by E the set of the vertices, i.e. the 
intersection of circles and half-lines. Except those at 0, if a cell contains a point a, 
it looks like a rectangle whose sides are approximatively \a\e~ 23XR . Consider the 
product of k copies of D together with the above division, we obtain a division 
of 3 k into less than e 70XkR cells. 

Consider two points x, y in pD fc which belong to the same cell. They satisfy 
the conditions (SI) and (S2). So, by Proposition 12 .7\ they are (R,e~ R )-c\ose. It 
follows that if a cell is contained in p3 k , it is contained in a Bowen (R, e~ R )-baA\. 
We deduce that the entropy of K is bounded by 70AA;. The estimate holds for 
A = A*. □ 
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Proposition 2.8. The function fj is locally Holder continuous outside the coor- 
dinate hyperplanes {xj = 0}, 1 < j < k, with Holder exponent (6A*) -1 . 

Proof. We consider x in a fixed compact outside the coordinate hyperplanes. 
So, as in the case without singularities [T], we can show that fj(x) is bounded 
from above and from below by strictly positive constants. Using the comparison 
between D(j) x (0) and D(j) y (0) in the proof of Proposition 12. 7\ we deduce that if 
dist(x,y) < e~ 23XR , then \fj(x) — rj{y)\ < e~ m . The result follows. □ 

Note that the above division of B> k respects the invariance of the foliation 
under the homotheties. However, it is important to observe that the Poincare 
metric on leaves is not invariant under the homotheties, see Lemma 12.21 As 
a consequence, the plaques in the above cells are very small in the sense that 
their Poincare diameters tend to when R tends to infinity. We will heavily 
use properties of (D fc , 5£ , {0}), in particular the above division into cells, as a 
model of singular flow boxes in our study of global foliations. We give now some 
construction that will be used later. 

Recall that E is the intersection of the circles and the half-lines used in the 
end of the proof of Theorem 12.11 Note that this set depends on R. We introduce 
now p maps J\ from E fc D |D fc to E fc , where p is a large integer that will be fixed 
just before Lemma 13.91 below. These maps describe roughly, the displacement 
of points when we travel along leaves following p given directions after a certain 
time, which is independent of R. 

For x G E fc and < I < p — 1, define 

z := (p x y - tlog ||x||ie p J, 
where the constant < t <C A^ 1 will be fixed just after Lemma [3.91 below. For 

2iirl 

the moment, we will need that the real part of te * Xj is not equal to —1 for all 
j and /. This property simplifies the proof of Lemma [231 below. We choose Ji(x) 
a vertex of a cell of D fc which contains z l . Note that the choice is not unique but 
this is not important for our problem. 

The point x is displaced to the points z l when we travel following p directions 
after a certain time. The points Ji(x) give us an approximation of z l and allow us 
to understand the displacement of points near x using the lattice E fc . We will use 
these maps J/ in order to make an induction on hyperbolic time R which is an 
important step in the proof of Theorem 11.11 see also Lemmas 14.51 and 14.61 below. 

Lemma 2.9. Let y = (yi, . . . ,yk) be a point in E fc and < I < p — 1 be an 
integer. There is a constant M > independent of R such that if \yj\ > a± for 
every j , then J^ l (y) contains at most M points. 

Proof. Let x = (xi, . . . ,Xk) be such that Ji(x) = y. For simplicity, write z for 
the point z = (p x [ — t log ||x||i.e p )■ Since z and y belong to the same cell, Zj/yj 



10 



is very close to 1. We deduce that \zj\ > \a,\ for every j. Using the definition of 
ip x , we obtain 



1 . . . 

-«i < kil = \xj\ 



e -tlog\\x\\ ie 2inl /P 



<\ T* ■ I 1 1 T* 1 1 ^ <C I T* • I ^ 



Hence, since t is small, we infer \xj\ > a 2 for every j. 

We will only consider the case where ||x||i = The other cases are treated 
in the same way. In order to simplify the notation, assume also that 1 = 0. 
Consider another point x' satisfying similar properties. It is enough to show that 
the number of such points x' is bounded. Define z' : = </v( — ilog l^'il)- 

We have 

I sA fe 



z = (xi\xi 


s\i 


x 2 \xi 


s\2 

1 • 




Z — 


sXi 


X<2 1 \ 


s\2 

1 • 


• i x k\ X l\ 



and 

"■)■ 

Since z,y belong to the same cell and z',y satisfy the same property, we have 
\zj/zj - 1| < e ~ 23XR and \zj/z'j - 1| < e -23 ^. Recall that \xj\ > a 2 and |^| > a 2 
and Xj, x'j are in S. Using that the real part of t\j is not equal to —1, we easily see 
that for each j there is a bounded number of x'j satisfying the above properties. 
For this purpose, we can also use a homothety in order to reduce the problem to 
the case where \xj\ ~ 1. □ 

In general, the point Ji(x) does not belong to a plaque containing z l but it is 
however very close to such a plaque. Write Ji(x) = w = (wi, . . . ,Wk)- We have 
the following lemma. 

Lemma 2.10. Assume that \z l A > a 2 for every j . Then, the plaque L z i[\\z l \\ieo\ 
intersects {wi} x D fc_1 at a unique point w l . Moreover, there is a constant^ > 1 
independent of A and R such that \wj/w l j — l\ < ^ e ~ 23XR and \ z l j/w l j — 1| < >ye~ 23XR 
for every j . 

Proof. We show that the lemma is true for a general point z with \zj\ > a 2 for 
every j and for any vertex to of a cell containing z. Observe that Wj ^ for 
every j. We first consider the case where \zj\ ~ 1/2 for every j. In this case, 
L z [e /2] is the graph of a map with bounded derivatives over a domain on the 
first coordinate axis. The cell containing z looks like a cube of size ~ e - 23AR . So, 
the lemma is clear in this case. 

Consider now the general case. Observe that the foliation and the set S fc 
are invariant when we multiply a coordinate by a power of e e . Therefore, 
multiplying the coordinates by a same constant allows us to assume that ||z||i = 
\zj\ ~ 1/2 for some index j. Then, L z [e /2] is a graph of a map with bounded 
derivatives over a domain D in the j-th axis. We claim that if we multiply each 
coordinate Z\ with I ^ j with an appropriate power of e e , the problem is 
reduced to the first case. Indeed, the image of L 2 [eo/2] is still the graph over D 
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of a map with bounded derivatives because this graph is contained in a plaque. 
Therefore, the size of L z [e /2] changes with a factor bounded independently of R 
and A. Since eo is small enough, the same arguments as in the first case give the 
result. □ 

Observe that in the proof of Theorem 12. 1[ the holomorphic maps ^ x ,y are 
used in order to control the distance between the leaves. Recall that for global 
foliations without singularities, we have to use some orthogonal projections in 
order to construct a parametrization ip as in the definition of conformally (R, 5)- 
close points. These maps are not holomorphic but we can correct them using 
Beltrami's equation. In order to prove Theorem II .ll for the case with singularities, 
we will use both kinds of maps depending if we are near or far from singular points. 
We describe below some relations between these two kinds of maps and show that 
one can glue them near the boundaries of singular flow boxes. 

Recall that for a constant e small enough, if x, y are two points in |D fc \ 
such that dist(x, y) < eo, then the basic projection $ from L x [eo\ to L^flOeo] is 
well-defined with image in L^eo]. Fix a constant k > 1 large enough such that 
the following estimate holds on L x [eo]: 

||$ - id||^ 2 < Kdist($(x), x), 

where we compute the norm using the Euclidean metric on L x and L y 

The situation is more delicate near the singularities. We use the fact that 
the foliation in D fc is invariant under homotheties z t— )■ tz with \t\ < 1. Such a 
homothety multiplies the distance with \t\. For x £ and t := |||o;||i, some 
point in the boundary of |D fc is sent to x. Thus, if dist(x,y) < ||x||ie , we can 
define the orthogonal projection $ from La;[||a:||ieo] to L^lOHzHieo] with image 
in L y [3||a;||ieo]. Moreover, we have 

||$ - id H^o < Kdist($(x),a;) and ||$ - id||^2 < Kdist($(x),a;)||x|| ] ; 2 . 

Note that L x .[||x||ie ] and L^pHxHieo] are connected and simply connected. 

We see that when we are near the singularity, the Beltrami coefficient of $ 
may have a large ^-norm and cannot satisfy the estimates in the definition 
of conformally (R, 5)-close points. This is the reason why we have to use the 
holomorphic maps ^ x ,y defined above. Nevertheless, the control of the ^°-norm 
|| $— idH^o is still good near the singular point. Therefore, in the proof of Theorem 
it is convenient to use first the orthogonal projections and then correct the 
parametrization using the two lemmas below. 

Lemma 2.11. Let x,y be two points in such that yj ^ and \xj/yj — 1| < 
e~ WR for every j . Then, there is an orthogonal projection $ XjJ/ from L x PI |D fc to 
L y which coincides on L z [||;z||ieo] with the basic projection associated to z and to 
w := ty x ^ y (z) for every z £ L x D Moreover, we have ||$x,j/ — id 1 1 < e~ 9R . 
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Proof. Observe that 



\zj/wj — 1| = \xj/yj — 1| < e . 

Therefore, there is a basic projection from L z [||z||ie ] to Z/^ [10 1| ^ || i^o] with image 
in L z [3||z||ieo] described above. It satisfies the estimate in the lemma. It is not 
difficult to see that such projections coincide on the intersection of their domains 
of definition. Indeed, the property is clear near the boundary of |O fc . The general 
case can be reduced to that case using a homothety. The lemma follows. □ 

Lemma 2.12. Let x, y be as in Lemma \2.11[ Then, there is a map ^ x ,y from L x (l 
toL y such that^ x>y = ^ x>y onL x n\B k and^ XjV = $ x>y on L x C\\B k \\^ k . In 
particular, ^ x ^ y is holomorphic in |O fc . Moreover, we have \\^ x . y — id\\<go < e~ 8R 
on L x n |D fc and \\V XiV - id||ya < e~ m on L x n §D fc \ \B k . 

Proof. Define z' := $ Xty (z) and w := ^ Xj y(z). So, z' belongs to a small plaque 
containing w. Using a homothety and the definition of <p w , we can check that 
\z'Jwi — 1| < e~ 10i? . Therefore, the function log(z' i /wi) is well-defined. 

Let < x < 1 be a smooth function equal to on |O fc and equal to 1 outside 
Define Xi( z ) '■= x( z ) ^°s( z i/ w i) an d 

:= (e^w 1 ,...,e x ^w k ). 

Clearly, V x>y = $ x>y on L x n ±D fc and ^ x , y = $ XtV on L x n |D fc \ ±D fe . 

Observe that a point w' = (w[, . . . ,w' k ) belongs to a small plaque containing 
w if and only if 

Ai log^/iWi) = Xilogiw'j/wj). 

This holds in particular for w' = z' and hence, ty Xiy (z) satisfies also this criterium. 
It follows that ^ x , y has values in L y . 

We deduce from the definition of ^ x>y that \\^ x , y — id||^o < e~ 9R on L x D jD k 
and \\^f x ,y — id||<^2 < e' 9R on L x n §O fc \ |D fc . Recall that (f> x>y satisfies similar 
estimates. So, ^ x ,y satisfies the estimates in the lemma. □ 

3 Poincare metric on leaves 

In this section, we will meet another important difficulty for our study: a leaf of 
the foliation may visit singular flow boxes without any obvious rule. However, we 
analyze the behavior and get an explicit estimate on the modulus of continuity 
of the Poincare metric on leaves. We are concerned with the following class of 
foliations. 
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Definition 3.1. A Riemann surface foliation with singularities (X, Jzf, E) on a 
Hermitian compact complex manifold X is said to be Brody hyperbolic if there is 
a constant cq > such that 

||^0(O)|| < Co 

for all holomorphic maps (f) from D into a leaf. 

It is clear that if the foliation is Brody hyperbolic then its leaves are hyperbolic 
in the sense of Kobayashi. Conversely, the Brody hyperbolicity is a consequence 
of the non-existence of holomorphic non-constant maps C — >■ X such that out of 
E the image of C is locally contained in leaves, see [2] Theorem 15]. 

On the other hand, Lins Neto proved in jl] that for every holomorphic foli- 
ation of degree larger than 1 in P fc , with non-degenerate singularities, there is a 
smooth metric with negative curvature on its tangent bundle, see also Glutsyuk 
[3]. Hence, these foliations are Brody hyperbolic. Consequently, holomorphic 
foliations in P fc are generically Brody hyperbolic, see also [5]. 

From now on, we assume that (X, Jzf , E) is Brody hyperbolic. We have the 
following result with the notation introduced above. 

Theorem 3.2. Let (X, Jzf, -E) be a Brody hyperbolic foliation by Riemann sur- 
faces on a Hermitian compact complex manifold X . Assume that the singular set 
E is finite and that all points of E are linearizable. Then, there are constants 
c > and < a < 1 such that 

/max{log*dist(2,£),log*dist(2/,£0} 
17]{X) - ^ * c { log*dist(x,y) 

for all x,y in X \E. 

Note that in [B] , Shcherbakov proved a surprising result which says that when 
X is a projective space, 77 is smooth on P fc \ E. However, this result does not 
implies Theorem 13. 21 for the case of projective spaces. We thank Marco Brunella 
for this reference. 

The following estimates are crucial in our study. 

Proposition 3.3. Under the hypotheses of Theorem \3."A there exists a constant 
ci > 1 such that i] < c\ on X , 77 > c[ x outside the singular flow boxes ^U e and 

C± S log* S < 7](x) < C\S log* s 
for x G X \E and s := dist(x, E). 

Proof. It is enough to prove the last assertion. Without loss of generality, we 
only need to show it for all x in a singular flow box |U e . We identify U e with 
the model in Section [2] and use the notation introduced there. Recall that for 
simplicity, we use here a metric on X whose restriction to U e ~ 3 k coincides with 
the Euclidean metric. 
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Define the map r : D — > L x by 

t(0 ■= ^x(-c -1 bg ||x||i£) 

for some constant c > 1 large enough. Since H-Dy^O)!! is bounded from below by 
we deduce that 

77(3;) > ||-Dr(0)|| > -log ||x||i||x||i > slog*s. 

This gives us the first inequality in the last assertion of the proposition. 

Next, since the foliation is Brody hyperbolic, the function rj is bounded from 
above. It follows that there is a constant R > independent of x G |U e such 
that the disc of center x in L x with radius Rq with respect to the Poincare 
metric is contained in U e . Let r G (0, 1) such that D^ = r D. We have 
<j) x (roD) C D fc . We then deduce from the extremal property of the Poincare 
metric that 77(27) < t-q fj(x). Lemma [2.21 implies the result. □ 

The following lemma gives us a speed estimate when we travel in a singular 
flow box along a geodesic with respect to the Poincare metric on leaves. We 
denote by [0, £] the segment joining and £ in D. 

Lemma 3.4. There is a constant c^ > independent of x in |U e ~ |D fe with the 
following property. If £ G D R such that (fcQO, £]) C and i/y := (j) x {^), then 

II ne c 2 fl ^ 11 11 - || \\e- Q 2 R 

IfIK < M 2/ II 1 < Iklli 

Proof. We only have to prove the first inequality. The second one is obtained by 
exchanging 2 and So, we only need to consider the case where \\y\\i < ||^||i- 
By Proposition I3.3[ we have 

Nli dt log |||/||i 



r\\x\\i dt 

R > dist P (x,y) > / — — - = log 
JWvWi t log* 



*|log*| log II a: II 1 

The lemma follows. □ 

The following lemma shows us how deep a leaf can go into a singular flow box 
before the hyperbolic time R. 

Lemma 3.5. There is a constant C3 > such that for every x G X \E , we have 

dist(0 x (D R ),£) > e -iog*di 8 t(« ) B)^*_ 

Proof. We only have to estimate dist(0 x (£), £7) for a point £ G ©r such that X (£) 
is close to a singular point e. So, we can replace x by a suitable point in X ([O, £]) 
in order to assume that <Ae([0, £]) C |U e . Consequently, Lemma [33] implies the 
result. □ 
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Recall that we define the notion of conformally (R, <5)-close as in [1] using the 
constant A := 3cf and a number < 5 < e~ 2R . In order to prove Theorem 13. 2\ 
we follow the approach of that paper. We will need the following result for a 
large enough constant C4. 

Proposition 3.6. Let C4 > 1 be a fixed constant. Let x and y be conformally 
(R, 5)-close such that r)(y) < r)(x) < c^rj{y) and e 2R 5 < r](y). Then, there is a 
real number 8 such that if 4>' y (C) '■= 4>y(, el6 i)> we have 

\ V (x) - V (y)\ < e~ R / 4 and dist Dfl/3 (0 x , <P' y ) < e~ R '\ 

Proof. We argue as in the proof of Proposition 2.2 in [lj with the same notation. 
The difference with the non-singular case is that we have a condition on the 
relative size of r\{x) and rj(y). We get that 

11^(0)11 - \\D^ y (0)\\<e R 6 + e- R (T,(x)+r,(y)). 

Recall that r](y) = \\D(py(0)\\. We deduce from the hypotheses that the constant 
A used in the proof of Proposition 2.2 in [TJ satisfies 

e R 6 + e- R (r ] ( y x) +r](y)) R 
- 1 - a . ■ e 

v{y) 

Now, it is enough to follow the proof of the above proposition. We use here that 
e~ R ' 3 e~ R l A since we only consider R large enough. □ 

In order to apply the last proposition, we have to show that if x and y are 
close enough, they are conformally (R, <5)-close. So, we need to construct a map 
t/> as in the definition of conformally (R, <5)-close points. As in the case without 
singularities, ip will be obtained by composing <p x with basic projections from L x 
to L y . There are two main steps. The first one is to show that up to time R, 
the leaves L x and L y are still close enough in order to define basic projections. 
The second one is that we can glue these projections together in order to get a 
well-defined map on Dr. The second step can be treated as in the case with- 
out singularities. So, for simplicity, in what follows, we only consider the first 
problem. 

Recall that if x, y are two points outside the singular flow boxes |U e such that 
dist(x, y) < e , then the basic projection $ from L^eo] to L y [3e ] is well-defined. 
Moreover, we have the following estimate on Z/ x [eo] for a fixed constant k > 1: 

11$ - id||<g>2 < Kdist($(x),x). 

Inside the singular flow boxes, the foliation and the metric are invariant un- 
der homotheties. Therefore, since eo is small enough, we deduce that for all 
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x, y G X such that dist(x,y) < dist(x, E)eo, there is a basic projection $ from 
L x [dist(x, E)e ] to L y [3 dist(x, -E)e ] which satisfies 

dist($(x),x) 
||$ - id||^2 < k- 



d\st(x,E) 2 



It is not difficult to obtain the following useful estimates where we change the 
constant k if necessary: 

distft&fz), z) dist($(x),x) , distf^fz), z) dist($(x),x) 
< k— — ; — and — — ; — —-r- < K- 



dist(z,E) 2 ~ dist(x,£) 2 dist(z,E) 6 ~ dist(x,£) 6 

for every z in L x [dist(x, E)e }. 

Proposition 3.7. There exists a constant C5 > 1 with the following property. 
Let x,y E X \ E , R large enough and 5 := dist(x,y)e log * dlst ^ x ' E ^ eC5 such that 
5 < e~~ 2R . Then, x and y are conformally (R, 5) -close. 

Taking for granted this proposition, we complete the proof of Theorem 13.21 

End of the proof of Theorem 13.21 We can assume that x, y are close and 

I logdist(a;, y) | ^> log* dist(a;, E) and |logdist(x, y)\ ^> log*dist(j/, E). 

In particular, we have 

dist(x,y) <C dist(x, E) and dist(x, y) <C dist(?/,£'). 

We will apply Propositions 13.61 and 13.71 Choose R > 1 such that 

I logdist(>,y)| = log*dist(x,£)e 2c5R . 

So, R is a large number. By Proposition 13. 7\ x and y are conformally (R, <5)-close 
with 

5 := dist(x,y)e los * dist ( x ' E)eC5R = e 1 °s* dist (^)( eC5 ' R - e2c5 - R ). 

It is clear that S < e~ 2R . The above identities, together with Proposition 13.31 
also imply that e 2R 5 < r](y). Therefore, x,y,R and 5 satisfy the hypotheses of 
Proposition 13.61 Consequently, 

, . , RU /log^distfx,^)^ 1 ^) 

The result follows. □ 

We prove now Proposition 13.71 Consider x, y, R and S as in this proposition. 
So, x, y are close and satisfy 

|logdist(x,y)| > log*dist(x,£')e C5 ' R and | logdist(x, y)\ > log* dist(?/, E)e CsR . 
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We have to construct a map if) : B>r — > L y as in the definition of conformally 
(R, 5)-close points. We first consider the case where y is the orthogonal projection 
of x to L y [3 dist(x, E)eo]. 

Fix a point £ G Or. We will construct the map ^ on a neighbourhood of 
[0,£] using basic projections from L x to L y . This allows us to prove that ip is 
well-defined on B# as in the case without singularities. The details for this last 
point are the same as in the non-singular case. 

We first divide [0,£] into a finite number of segments with < j < 

n — 1 and define x^ := <p x {^). The points are chosen by induction: £° := 
and is the closest point to satisfying 

dist(x j+1 ,a; j ) = dist(x j ,E)e 1 

with a fixed constant e\ <C eo- The integer n satisfies £ G [£ n_1 ,£ n ]- 

Define also by induction the points yi in L y with y° := y and y^ 1 is the image 
of xi +1 by the basic projection $j : [distfV, £ , )e ] — >■ [3 dist^, E)e ). Note 
that since €\ <C e , the point y^" 1 " 1 is also the image of by We deduce 

from the properties of basic projections that 

dist(y j+1 ,x j+1 ) dist(V,:E J ') 

< K- 



d\st(xi+\Ef ~ dist^,^) 6 

The following lemma guarantees, by induction on j, the existence of the above 
projections 

Lemma 3.8. We have 

dist<yV) < e- 2R 5dist{x j ,E) 6 

for j = 0, . . . ,n. 

Proof. We deduce from the above discussion that 

dist<y , x j ) < dist(x, y) dist(x i , Ef dist(z, FT 6 . 

Since C5 is large, it is enough to show that n < log* dist(x, E)Re cR for some 
constant c > 0. For this purpose, we only have to check that 

„-cR 

distp(f,f +1 )> ■ 
log* dist(x, E) 

By definition of $ , we have 

ei dist(x J ', £) = dist(x j , x i+1 ) < dist P (f , max r]UJt)). 

te[&,&+i] 

Proposition 13.31 and Lemma 13.51 imply that 

rj((f) x (t)) ~ log*dist(x j ,£) dist(x j ,£) < log*dist(x,£)e C3fi dist(x J ',£). 
The lemma follows. □ 
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So, the map ip is well-defined on [0, £]. We obtain as in [T] that it is well-defined 
on Dr. It is not difficult to see, using the last lemma, that distg fl (0 x , if>) < e~ 2R S. 
Since <p y is a universal covering map, there is a unique map r : 0# — > © such 
that if) = (f) y o t and r(0) = 0. In order to show that ip satisfies the definition 
of conformally (R, 8) -close points, it remains to check that ||Z)r||oo < A and 
II/^tII^i < S. It is enough to prove these properties at the point £ considered 
above. 

In a neighbourhood of [£ n-1 ,£ n ], the maps ip and r are given by 
ijj = $„ o <p x and $ n o <p x = <p y o r. 
So, we can write locally 

T = (fry 1 O $ n O X . 

Define z := 0^(0 and w := <f> n (z). Then, the norm ||Z>r(£)|| with respect to 
the Poincare metric on D is bounded by 

r,{z)\\D9 n {z)\\r,(w)-\ 

Since z and w are very close to x n , by Proposition 13.31 r](z)r](w) is between 
l/(2cf) and 2cf. Moreover, we have 

.._ ... , dist($(x n ),x n ) 

By Lemma 13.81 the last quantity is very small. So, we easily deduce that 
|| Dt(£) II <C 3cf = A. We also deduce the following useful estimate 

, dist($(x"),x n ) 



dist(x n , J B) 2 

It remains to bound ||/x T ||^i where \x r is the Beltrami coefficient defined as in 
PQ. Recall that this norm is computed with the Euclidean metric on D. We first 
rescale the maps X and (p y using the function rj. This takes into account our 
distance to the singular points. Define £ := r(£) and 

0*00 := 0x(£ + *7(«) -1 *) and 4> y (t) : = y (C + ^M -1 *)- 

Define also 

f := y 1 o $ n o X . 

Observe that 77(2) and 7/(u>) are comparable with log* dist(a; n , E) dist(a; n , E) 
which is bounded from below by dist(x n ,E). Fix a constant < e 2 <C e small 
enough. Then, the image of D\ := e 2 dist(x n , i?)D by X is small and its distance 
to E is comparable with dist(x n ,-E). Therefore, $ n (0 x (Z) 1 )) is close to x n and 
hence it is contained in the image by <p y of a fixed small disc D2 centered at 0. 
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The images of D\ and D2 by cj) x and <p y are small and contained in some chart 
of X. By Cauchy's formula, we obtain that 

<dist(x",E)- 2 and \\} v \\^ <dist(x", J E)- 2 . 

Since ||D0 y (O)|| = 1 and <fi y (0) = w, we deduce that 

\\D$-\w)\\ = l and II^^HII <dist(^,£;)- 2 . 

All these estimates together with the ones on — id||>^2 and ||<9$ n ||<^i imply 
that the Beltrami coefficient of f satisfies the following estimate at 



dist($(x"),x n 
dist(x™,£) 4 



Recall that rj(z) and 77(10) are comparable with log* dist(x n , E) dist(a; n , E). Hence, 
we can deduce from the definitions of r and f the following estimate at the point 

dist($(rr n ),x n ) 
ll/iT|1 ^ ~ dist(a-,£) 6 

By Lemma 13.81 the last quantity is smaller than e~ R 5. So, the proof of Propo- 
sition 13.71 is complete for the case where y is the orthogonal projection of x to 
L y [3 dist(a;, E)e }. 

End of the proof of Proposition 13.71 We consider the general case where y 
is not necessarily equal to the orthogonal projection x' of x to L y [3 dist(a;, E)e ]. 
By hypotheses, x, y are close and satisfy 

I logdist(x,?/)| > log*dist(a;,E)e C5fl and | logdist(x, y)\ > log* dist(?/, E)e C5R . 

We have dist(x,x') < dist(x, y) and hence dist(x', < 2 dist(a;, y). 

Applying the above construction to x and x', we obtain a map ip' : D# — > L y 
with ^'(0) = x' and disto^^, "C 5 such that the associated map r' satisfies 

II-Dt'IIoo "C ^4 and ||/v||^>i 5. 

We have to construct a good map ip associated to x and y. 

Observe that dist(x',y) <C 5 dist(a/, E)e~ e since C5 is large. Moreover, ip' is 
locally the composition of <p x with basic projections from L x to L y . By Proposition 
13.31 there is a point a e D with |a| < 5e~ eB such that V ; '( a ) = V- So, we can find an 
automorphism u : Dr — > D# such that u(0) = a and ||w — id||<^2 < <5e _2ii: . Define 
■0 :— ip r o u. We have diste fl (0 x ou,i/j) — distn R ((j)x, <C 5. Since 77 is bounded 
from above, we also have disto R ((j) x , (fi x o u) C (5. Therefore, disto H (</> a; , ■0) <C 5. 

The map r associated to ip is given by r := r' o u. It is not difficult to see 
that ip(0) = y and 

||-Dt||oo < ^4 and ||// r ||^i < 5. 



20 



So, if) satisfies the definition of conformally (R, <5)-close points. 



□ 



We end this section with some technical results that will be used later. Let 
m and mi be two integers large enough and h~ be a constant small enough such 
that C\ <C mo, Cim <C mi and m\h~ <C eo- Define p := m\ . 

We divide the annulus D mi ^ \ ©3^ into 40mi equal sectors Sj, with 1 < j < 
A0m\, using 40mi half-lines starting at which are equidistributed in C. For x in 
a regular flow box Uj, denote by Si(x) the sector of the points £ in A(x, 3m h) \ 
A(x, m h) such that 2nl/p < arg(£) < 2n(l + l)/p for < I < p — 1. Here, arg(£) 
is defined using the natural coordinate on A(x, 3m h) centered at x. 

Lemma 3.9. Let x be a point in a regular flow boxUi. Then, for every j, <f) x (Sj) 
contains at least a sector Si(x). In particular, <f> x {Sj) intersects the restriction of 
mi 5 h(Z + iZ) x 'B k ~ 1 to a regular flow box Vi> ~ O fc . 

Proof. This is a simple consequence of the first assertion in Proposition 13.31 and 
that ci mo and cimo m\. Recall that <fr x is injective on the disc D eo which 
contains the sectors Sj since mift < eo. □ 

Consider now a point x in a singular flow box U e . We deduce from basic 
properties of the universal covering that there is a unique map u : U x — > D such 
that ip x = <p x o u and u(0) = 0. Fix a constant t satisfying the condition stated 
just before Lemma T2.9I such that mo^ < t < 2m h. Define Q := — tlog ||:r||ie 2l7rf ' p 
and £1 := u(d). We use the construction in Section [2] for a fixed constant A large 
enough. The following two lemmas are related to Lemmas 12.91 and 12.101 

Lemma 3.10. Let x be a point in |U e satisfying the hypotheses of Lemma \2.1(K 
Let w l be as in that lemma. Then, the image T of the boundary of the disc 
D := — t log ||x||iD by u satisfies T HD^ = andY <<= O mi?i . The points divide 
T into p arcs of length smaller than mj~ 2 fo. Moreover, for each I, there is a point 
£1 such that distp(£ z ', £z) < m^K and <f> x (£'i) = w l '. 

Proof. Since m m\ and t < 2m h eo, by Lemma 12. 2\ D is contained in 
the disc of center and of radius m\h~ with respect to the Poincare metric on 
U x . Since holomorphic maps contract the Poincare metric, u(D) is contained in 

The points Q divide the boundary of D into p arcs. We deduce from Lemma 
12.21 that the length of each arc with respect to the Poincare metric, is smaller 
than 4A*(— log H^Hi) -1 times its length with respect to the Euclidean metric. In 
particular, it is smaller than mi 3 h since p = m\. It follows that the p arcs of T 
have length smaller than m^h. 

Let £ be a point in the boundary of D^. The length of 4> x ([0, £]) with respect 
to the Poincare metric on L x is 4h~. By Proposition 13.31 and Lemma 12.21 we have 
V ~ c iV 011 |^ e ' Note that |U e contains (f> x ([0, £]) since h~ is small. Therefore, 
the length of </> x ([0,£]) with respect to the Poincare metric on L x = Lp x (U x ) is 
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bounded by a constant times c\Tt. So, the lift of X ([O,£]) to a curve starting at 
in U x is contained in D because m 3> c\. This completes the proof of the first 
assertion. 

Using again Lemma 12.21 and the last assertion in Lemma 12.101 we obtain 
that the distance between z l and w with respect to the Poincare metric on 
L x = ( Px(^-x) is bounded by a constant times e~ 23XR . By Proposition I3.3| this 
still holds for the Poincare metric on L x . Therefore, there exists a point £| such 
that distp(^', ii) < rrii 2 h and 4> x {ii) = w l . □ 

Lemma 3.11. Let x be as in Lemma \3.1(A Assume that x is outside the singular 
flow boxes |U e . Then, there is a point £[' such that distp(£z,£") < ml K and 
(px(Ci) is contained in the restriction of ' m{ h h~{JL + i£) x to a regular flow 

boxUi ~ D fe . 

Proof. By hypotheses, x belongs to a regular flow box |Uj. Hence, we obtain the 
result using the same arguments as in the previous lemmas. □ 

4 Finiteness of entropy: the strategy 

In this section, we will present the strategy for the proof of Theorem 11.11 We 
have seen in Section |2] a simpler situation where we approximate Bowen balls 
by cells. The sizes of these cells, with respect to the Hermitian metric and also 
with respect to the Poincare metric along the leaves, are very different. In the 
global setting, we have considered in Section |3] the difficulty that a leaf may visit 
singular flow boxes several times without any obvious rule. 

For the proof of Theorem II. 1[ we can imagine that going along the leaves, 
up to hyperbolic time R, transports the cells of the singular flow boxes into the 
regular part of the foliation and then continue to transport them back to singular 
flow boxes in different directions. The interaction of the two difficulties increases 
when R goes to infinity and it is quite hard to get a rough image of the Bowen 
balls for large time R. We are not able to solve this problem, but we can obtain 
in dimension 2 a good estimate for the number of Bowen balls in the definition 
of entropy. 

We start with a criterium for the finiteness of entropy which allows us to 
reduce the problem to the bound of the entropy of a finite number of well-chosen 
transversals. 

Proposition 4.1. Let T denote the union of the distinguished transversals of the 
regular flow boxes |Uj. Assume that the entropy ofT is finite. Then, the entropy 
of X is also finite. 

We first prove the following weaker property. 



22 



Lemma 4.2. Let Y denote the complement of the union of the singular flow 
boxes |U e . Then, under the hypothesis of Proposition 4-L the entropy of Y is 
finite. 



Proof. Fix a constant e > 0. For each flow box Uj, consider a (2R, e/2)-dense 
subset Fi of Tj with minimal cardinal. Define F := UFj. Choose a set A C Dp 
of less than e 10R points which is e _4R -dense in Dp, i.e. the discs with centers in 
A and with Poincare radius e _4i? cover Dp. Let G denote the union of the sets 
X (A) with x E F. Since G contains at most e 10R #F points, in order to show 
that the entropy of Y is finite, it suffices to check that any point z in a regular 
box |Uj is (R, e)-close to a point of G. 

Consider the plaque P z of |Uj which contains z. Denote by y the intersection 
of P z with the transversal Tj. So, there is a point x G Fj such that dist 2 p(x, ?/) < 
e/2. Up to a re-parametrization of the leaves, we can assume without loss of 
generality that dist 2 p(0;E, <p y ) < e/2. Since R is large, y (Dp) contains P z . So, 
there is a point £ G Dp such that = 2. It is clear that z and it; := (f> x (£) are 

(i?, e/2)-close. Choose a point £' G A such that distp(£, £') < e _/LR . It is enough 
to show that w and u>' := <f> x (£') are e/2)-close because w' G G. 

Observe that there is an automorphism r of D such that r(£) = £' and 
distp(r(a), a) < e - ^ on D(£,i?). If it is an automorphism such that w(0) = £, 
then := X o u is a covering map of L w which sends to w and W / := <p x orou 
is a covering map of L w > which sends to w'. Since the Poincare metric is in- 
variant, we have distp(0 w (a), <fi w '(a)) < e~ R C e on Dp. Now, the fact that 77 is 
bounded from above implies that w and w' are (R, e/2)-close. Hence, the entropy 
of Y is finite. □ 

We will also use the following lemma. 

Lemma 4.3. Let x be a point in X \ E. Assume that x (D 2 p) is contained in a 
singular flow box ~U e . Let e > be a fixed number. If R is large enough, then 
0z(Dp) is contained in eU e . 

Proof. As above, we identify U e with D fc . Assume that x (Dp) contains a point 
y such that ||y||i > e. Without loss of generality, assume that the first coordinate 
yi of y is a positive number and \\y\\i = yi > e. By hypothesis, y (Dp) C |D fc . 
The real curve I defined by 



is contained in L y but not in 0<,(Dp). Therefore, its Poincare length is at least 
equal to R. On the other hand, since > t > e, we deduce from Propo- 

sition 13.31 that this length is bounded by a constant depending on e. This is a 



y t :=(t,y 2 (t/y 1 ) x ^ x \...,y k (t/y 1 ) 



*/ Al ) with te [j/i, 1/2] 



contradiction since i? is large. 



□ 



23 



End of the proof of Proposition 14.11 Fix a constant e > and consider 
R > large enough. Let F C Y be a (3R, e/2)-dense family in Y. Choose a set 
W C of cardinal e 10R which is e~ 4 ' R -dense in B> 2 r- Consider the union F' of 
the sets (f> x {W) with x £ F. By Lemma [4.21 it is enough to show that F' U E is 

e)-dense in X, i.e. the Bowen (R, e)-balls centered at a point in F', cover X. 

Consider a point z £ X . If </> 2 (B>2,r) is contained in a singular flow box ~U e , 
by Lemma H~3| we have dist#(e, 2) < e. So, for i? large enough, z belongs to the 
Bowen (R, e)-ball centered at e. It remains to consider the case where </» 2 (©2i?) 
contains a point y &Y. 

Let i be a point in F such that dist 3 ^(a;, y) < e/2. So, we can find covering 
maps 4> x and <p y such that dist3#(0 x , 4> y ) < e/2. Since y G 2 (D2_r), there is 
a point £ G D 2 _r such that <f> y (£) = z. It is clear that z and w := 0^(0 are 
(R, e/2)-close. Let £' be a point in 14 7 such that distp(£, £') < e~ 4R . The point 
w' := 4> x {£') belongs to F'. We show as in Lemma I4T21 that w and u>' are (R, e/2)- 
close. Therefore, z belongs to the Bowen (R, e)-ball of center w'. □ 

From now on, assume that dimX = 2 and hence dimT = 1. Our strategy 
is to construct an adapted covering of T by open discs. Consider a hyperbolic 
time R large enough. For simplicity, assume that R = Nh with N integer. 
We will construct a set T which contains T and other transversals ouside and 
inside the singular flow boxes. Then, we will construct by induction on m, with 
2m! < m < N, a covering of T by discs such that if two points x, y belong 
to the same disc, the associated leaves L x and L y are close until time mh. Of 
course, we have to control the cardinal of y m in order to deduce the finiteness of 
entropy of T by taking m = N. 

The covering ^ is obtained by refining a finite number of other coverings of 
T. We will use the following technical lemma in order to estimate the cardinal 
of y m and to show that the cardinal of Yn grows at most exponentially when N 
tends to infinity. 

Lemma 4.4. Let K be a finite family of sets such that each of them is contained 
in a complex plane, i.e. a copy of C. Let i /t with 1 < i < n be n coverings of 
K by less than M discs. Then, we can cover K with a family "V of less than 
20CPM discs such that ^ -< "¥ % in the sense that every disc D 6 "V satisfies 
ID C 2D X n • • • n 2D n for some A e f i . 

Proof. By induction, it is enough to consider the case n = 2 and to find a covering 
"V with less than 200M discs. The covering "V contains two kinds of discs that 
we construct below. 

An element D 2 of Y 2 belongs to Y iff there is D 1 G f 1 such that D 1 f)D 2 ^ 
and radius(-Di) > 2 radius(_D 2 ). Clearly, these discs satisfy the last condition in 
the lemma. 

Consider now Dj G such that DiC\D 2 7^ and radius(-Di) < 2 radius(-D 2 ). 
Denote by 4pi the radius of D 1 . A disc D of the second kind is a disc of radius 
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pi centered at a point in pi(Z + iL) which intersects D\ fl It is clear that 
2D C 2Di fl 2D 2 . Note that such a disc D can be associated to several discs D 2 . 

Observe that each disc D\ as above is associated to less than 100 discs of the 
second kind. Therefore, "V contains less than 200M discs. This family covers K 
since it covers D\ D D 2 for all Dj G "VK This completes the proof. □ 

As we mentioned above, the covering ^ will be obtained by induction on m. 
We will construct p coverings ~f m (l) of T by discs which are obtained using the 
images of discs in ~fm-i by some holonomy maps (the integer p = m\ was fixed 
above). Near a leaf, such a holonomy map looks like a displacement following a 
given direction with a small hyperbolic time. The covering "V m will be obtained 
by refining the p + 1 coverings % n -\ and 'f m (l), with < I < p — 1, thanks to 
Lemma 14.41 The details will be given in Section [5j 

A crucial property of "V m is that when two points x, y belong to the same 
element of Y m , the maps <p x and <fi y are close on ~B mh . This property will be 
obtained by induction, i.e. from a similar property of 'f m -i. For this purpose, 
we need to cover D m ^ and <p y (H m n) by discs of radius (m — l)h in order to apply 
the induction argument. The following lemma shows that we only need a fixed 
number of such discs. 

Lemma 4.5. Let £j be a point in Sj with 1 < j < 40mi. Then, for m > 2m\, 
the disc O(0, (m — l)h) and the 40mi discs 0(£j, (m — 2) ft) cover the disc O m ^. 

Proof. Let £ be a real number such that 3ft < £ < 2m-Ji. We claim that it is 
sufficient to show that 0(£, (m — 2)ft) contains all points C G D m ^ \ 0( m _m such 
that |arg(C)| < 7r/(20mi). Indeed, this property implies that D(£j, (m — 2)h) 
contains the sector | arg(C) — arg(£j)| < 7t/(5toi) in 3 mh \ N>r m -i)n- The union of 
these sectors covers O m ^ \ D( m _i)£. 

Denote by C the intersection of the half-line through ( started at with the 
circle of center through £. Since 2m\U is small, it is not difficult to see that 
distp(£, (') < h. Moreover, we have 

dist P (C, CO = distp(0, C) - dist P (0, £) < (m - 3)ft 

Therefore, 

dist P (e, < dist P (e, co + dist P (c, co < (™ - 2)ft 

The lemma follows. □ 

We deduce from the last lemma the following result which is more adapted to 
our problem when we are near a singular point. 

Lemma 4.6. Let T be a closed curve in © mi /i\©4?i such that does not belong to 
the unbounded component o/C\T. We divide it into p arcs with < j < p 

and^ p = £o- Assume that the length of£j£j+i with respect to the Poincare metric 
on D is smaller than m{ 2 h. Let be a point in O such that distp(£j, £j) < m^~ 2 ft. 
Then, the disc O(0, (m — l)ft) and £/ie p discs 0(£j, (m — l)ft) cover i/ie disc D m ^. 
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Proof. Observe that T fl Sj admits a point £ such that the disc D(£, 3m 1 2 K) is 
contained in Sj. If £ belongs to then this arc and also the point ^ are 

contained in Sj. Lemma [4.51 implies the result. □ 

5 Adapted transversals and their coverings 

In this section, assume that X is a compact complex surface. We will construct, 
for every integer N large enough, the family of transversals T = T reg U T smg for 
R = Nh and its coverings y m = f™ g U f^ ng with 2m 1 <m<N. We will use 
the constants introduced in the list given in the introduction. 

Recall that each regular flow box Uj is identified to D 2 and is associated with 
the distinguished transversal {0} x D. Define Tf := {a} x D with a in the lattice 
mj" 5 /i(Z + %L) fl D. Denote by T reg the family of these transversals. Note that 
this family does not depend on R. We will, however, consider each element T" of 
T rcg with multiplicity e 46AR and we denote them by Tf (1), . . . , T"(e _R ). These 
transversals are considered as distinct. We will construct later the covering Y m 
of T by induction on m using Lemma [4.41 applied to 'f m -\ and p other coverings 
of T. The discs used to cover Tf(J) depend on the index j. The multiplicities 
allow us to get a good bound for the number of discs in Y m , see Proposition 15.11 
below. 

Consider now a singular flow box U e ~ D 2 and define T" := {a} x |D with 
a G X fl |B. Recall that £ was constructed in Section [2] and we use here a large 
fixed constant A. Denote by T smg the family of these transversals T", where each 
element is counted only one time. Note that T smg depends on R. Define T the 
union of T reg and T sing . 

We now construct the covering % mi of T. Choose for T reg a covering "V^mx 
by less than e 70XR discs of radius e~ 10R , where we count the multiplicities of 
transversals. Consider the family Y^mf °f the discs in T° centered at (a, b) G S 2 
with radius 100e _23Afi |6| if b ^ and of radius aci if b = 0. It is not difficult to 
check that this family covers T smg . Define "% mi as the union of i^nn an d ^mf- 
The total number of discs used here is bounded by e 200XR . Recall that we only 
consider a large R. So, we have m 1 R. 

For each point x G T" and p small enough, denote by D(x,p) the disc of 
center x and of radius p in 2T" and A(x,p) the disc of center x and of radius p 
in the plaque of 2Uj containing x. The notation D(x,p) can be used for x in a 
transversal Since mih C e i we have the following useful properties for large 
R, where we use that the discs are of size less than e~ 10R : 

(HI) If x, y are in 2D for some D in then the basic projection $ associated 
to x and y exists and sends A(x, 2m\K) to A(y, 6miH). Moreover, we have 
||$ - id 1 1^2 < e~ 9R on A(x, 2m 1 h). 
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(HI)' If x, y are in 2D for some D in "fimfi then the basic projection $ associated 
to x and y exists as in Lemma 12.111 It satisfies ||<& — id||^o < e~ 9R on 

L x n |D 2 . 

(H2) Consider two transversals T" and T*. If x is in T" such that A(x,2miH) 
intersects at a point y, then the holonomy map tt from 2T b to 2T? is 
well-defined on D(y,Ah) with image in |T". 

(H3) If D is a disc contained in D(y, H), then ir(D) is quasi-round, i.e. there is a 
disc D' C |T 4 a such that D' C n(D) C %D' and 2D' C n{2D). 

For the property (H3), we use the fact that the holonomy map is holomorphic 
with no critical point. So, on small discs, it is close to homotheties. 

The construction of Y m = Y™ g U ^ mg will be obtained by induction on 
m. It only contains small discs of diameter less than e^ 10 ^. Assume that the 
construction is done for m — 1. In order to obtain ~f m , we will apply Lemma [4.41 
to K :— T, to the covering f m _ x and p other coverings f m (l) = iZ eg (l) U ^ ing (/) 
with < I < p — 1. Lemma 14.41 allows us to obtain a covering "V m such that 
^ -< ^,-1 and ^ -< y m {l). Roughly speaking, we will cover each disc in Y m -\ 
by smaller discs, so that after traveling a fixed time in some direction starting 
from such a small disc, we arrive at a disc of 'i / m -\ i n another transversal. 

We explain now the construction of ^, eg (0- There are two cases to consider. 
Recall that Si(x) is defined just before Lemma [3791 

Case la. Assume that there is a point Xq 6 T° such that Si(x ) intersects a 
singular flow box |U e . Consider an arbitrary point x G T". Since we are still 
far from singular points, Si(x) contains and is contained in small discs of size 
independent of R. Thus, there are about a constant times e mXR transversals 
which intersect Si(x). These transversals T b e are still far from the singularities. 
So, the following properties hold because the regular flow boxes are of small size 
and h is small: 

(112)' There is a well-defined holonomy map from 217 to T*. Denote by vr its 
inverse. 

(H3)' If D is a disc in of radius less than h which intersects 7r _1 (T"), then tc is 
defined on 2D and tv(D) is quasi-round, i.e. there is a disc D' C 2T" such 
that D' C tt(D) C ^D' and 2D' C n(2D). 

The property (H3)' allows us to cover ir(D) by D' and its 100 satellites which 
are 100 discs D' n , < n < 99, 10 times smaller than D', and such that D' n fl D' ^ 
0. Notice that 2D' n C tt(2D) for all n. We will use this important property later. 
So, we can cover each Tf(s) with the discs D' obtained above for D e %n-\ 
together with theirs satellites D' n . The choice of T b e depends on s. Thanks to the 
multiplicities of the T", we can use each T b e only a bounded number of times. The 
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reason for introducing those multiplicities is that in the intersection of regular 
and singular flow boxes the T b e are more dense than the T". 

Case lb. Assume that Si(x) does not intersect any singular flow box ~U e for 
every x G T". For all holonomy maps tt and discs D in Ym-i satisfying (H2) and 
(H3) for some x and y such that y G Si(x), we choose a disc D' as in (H3) and 
100 satellites of D' in order to cover tv(D). Note that for any x G T", there exists 
a choice of y,n,D such that x G tt(D), see also Lemma [3.91 It follows that the 
construction gives us a covering of T*(s) using the elements of "V m -\ which cover 
the transversals Y\{s). We make sure to use here the same index s, in particular, 
each disc in Ym-i is used a bounded number of times. This ends the construction 
of the covering ^ eg (Z) of T reg . 

The construction of ^ mg (Z) is more delicate. First, we always add to ^ mg (/) 
the disc of center (a, 0) and of radius a\ in T" and call it an exceptional disc. 
If \a\ < a%, we just choose ^ mg (0 equal to "V m -\ on In this case, we also 
say that T" is an an exceptional transversal. Consider now a transversal T" with 
cti < |a| < 3/4. Consider a point x = (a, d) G T" fl S 2 with \d\ > ct\. Recall that 
the map Ji is defined just before Lemma [231 By Lemma I3T5'} the point w := Ji(x) 
satisfies the hypotheses of Lemmas 12.101 and 13.101 since A is a large constant. We 
also distinguish two cases. 

Case 2a. Assume that w belongs to |U e (note that |U e C |U e ). Consider the 
transversal T h e which contains w and write w = (b,v). If D C T b e is an element of 
Y^_\ such that dist («;,£>) < 1007|w|e- 23AiJ , denote by D' the disc on T a e which 
is the image of D by yfr w x since this map preserves S 2 . By Lemma I2.10[ the 
obtained discs D' cover the disc of center x and of radius 100|<i|e -23AR in 
They are elements of ^, mg (0- Note that we use here the property that ^f w>x is 
conformal. This is the only point where the hypothesis dimX = 2 is essential. 

Case 2b. Assume that w is not in |U e . Since h is small, by Lemma r3.10[ x, w are 
outside ^U e and (p x (— tlog ||x||iB) is contained in a plaque of a regular flow box. 
By Lemma [3.1 1[ we can find a transversal which intersects ip x (— t log ||x||iD) 
at a point y near (p x (— t log ||x||ie 2l7r///p ), i.e. the distance between these two points 
is less than mj" 3 ^,. We have the following properties: 

(H2)" There is a well-defined holonomy map tt from 2T b t to 

(H3)" If D is a disc in 2TT* of radius less than h which intersects T*, then tt is 
defined on 2D and tt(D) is quasi-round in the sense that there is a disc 
D' C such that D' C ix{D) C %D' and 2D' C n(2D). 

We cover a neighbourhood of x with the discs D' and theirs satellites as above 
with D G 'f m -i. We make sure that for each T° we only use discs from Tf(s) for 
a fixed s. It is important to observe that the last construction concerns about 
a constant times e 46XR transversals T*. Therefore, we can choose the index s so 
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that each disc in Y^-i is used a bounded number of times. We also fix a choice 
which does not depend on m. This ends the construction of the covering ^ ing (0- 

We have the following crucial proposition. 

Proposition 5.1. There is a constant c > 1 independent of R such that the 
cardinal of is smaller than c R for 2m\ < m < N. 

Proof. By Lemma 14.41 applied ton := p + 1, it is enough to show that in the 
above construction of Y m {l), each disc in i / m -\ is used less than d times where d 
is a constant. This can be checked step by step in our construction. For one of 
these steps, we use Lemma 12.91 We obtain by induction that 



The last proposition shows that the cardinal of is smaller than c R = c Nh . 
Consider a disc D in T^r. It is constructed by induction using the holonomy maps 
7r as in (H2), (H2)', (H2)" or the map ^ W)X as above. This corresponds to the 
4 cases described above. By Proposition 14. lj, in order to obtain Theorem II. 1\ 
we will show in Proposition 16.11 below that two points in the same disc D are 
(.R/3, e _R//4 )- close. This will be done using the notion of conformally (R, <5)-close 



We will associate to a disc D as above a tree Fd which partially encodes 
the construction of "V^. Its combinatorial and metric properties (see Lemma [5.21 
below) will allow us to construct conformally (R, <5)-close maps from leaves to 
leaves following the tree. Points in D are associated to some isomorphic trees 
and the isomorphisms are coherent with the dynamics of the foliation. 

The set of vertices of the tree F D will be the union F D (0) U F D (1) U . . . U 
F D (N — 2mi), where F D (0) = {D} and F D {m) C ^7v_ m . Moreover, each point 
in Fd{tti) is joined to a unique point in Fo(m — 1) and to at most p points in 
Fo(m + 1). We give now the construction of Fd by induction. 

If D belongs to an exceptional disc or an exceptional transversal, we just 
take F D (1) = ■ ■ ■ = F D (N — 2mi) = 0. Otherwise, D is obtained using p 
holonomy maps 7Tj as in (H2), (H2)', (H2)" or the map *& W)X as above. By 
construction, there are Di in "f^N-i such that 2D is contained in 7Tj(2Z)j). We 
choose -Fd(I) := {-Di, • • • , D p }. Each Di is joined to D. We then obtain a part 
of the tree. 

In order to obtain Fd(2), we will repeat the above construction but for each 
Di G Fd(1) instead of D. If Di belongs to an exceptional disc or an exceptional 
transversal, then it is not joined to any element in Fd(2). Otherwise, it is joined 
to p elements in Fd(2) C We then continue the same construction in order 

to obtain Fr>(3), . . . , Fd(N — 2m\). Note that Fd is not uniquely determined by 
D but we fix here a choice for each disc D. 



< (200 P+ V) 



#% mi < (200 p+1 c') 




This implies the proposition. 



□ 



points. 
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Now, we construct for each point x G 2D a tree FjCD which is canonically 
isomorphic to Fp. The set of vertices of F x will be F X (0)UF X (1)U. . .UF x (N—2mi) 
such that F x (0) = {0} and <f> x sends each point in F x {m) to a disc 2D 1 with 
D' G Fu(m) and defines a bijection between F x (m) and Fo{m). Moreover, a 
point in F x {m + 1) and a point in F x (m) are joined by an edge if and only if the 
associated vertices in F D are also joined by an edge. We have to give here some 
details because cj) x is not injective in general. 

We obtain F x (l) as follows. If D belongs to an exceptional disc or an excep- 
tional transversal, then we take F x (l) = 0. Otherwise, we distinguish two cases. 
When D is outside the singular flow boxes |U e , then <f> x is injective on D eo and the 
image of this disc intersects 2Di at a unique point for any Di G Fd(1). Therefore, 
it is enough to define F x (l) as the pull-back by (fi x of these intersection points 
in D eo . Consider now the case where D intersects a singular flow box |U e . By 
construction, there is a set G of p points very close to the points — ilog ||x||ie 2l7ri ' p 
in U x which are sent by ip x to the discs in Fjj(1). If r : H x — > D is the unique 
holomorphic map such that r(0) = and <p x = (f) x o r, define F x (l) := t(G). 
Clearly, <p x defines a bijection between ^(1) and Fd(1). Each point in ^(1) is 
joined to F x (0) = {0}. 

In order to obtain F x (2), it is enough to repeat the same construction to each 
point 4> x (a) with a G F x (l). We use that 4> x is injective on ©(a, eo) if is 
outside the singular flow boxes |U e and otherwise there is a unique holomorphic 
map t : H x — > D such that r(0) = a and (f a = <Px ° t. By induction, we obtain 
F x (3), ... , F X (N — 2mi) satisfying the properties stated above. 

The following lemma is essential for the proof of Theorem 11.11 

Lemma 5.2. The set of vertices F x (m) is contained in D mrmft for every m. If a is 
a point in F x which is joined top points Oi, . . . , a p , then the union o/D(a, (m— l)ft) 
and ©(aj, (m — l)h) contains D(a, mh) for every m > 2m\. 

Proof. We prove the first assertion. It is enough to check that if a point ( in 
F x (n — 1) is joined to a point £ in F x (n), then distp(£, C) < miS. For simplicity, 
we consider the case where n — 1, the general case is obtained in the same way. 
So, we have ( = and £ is in F x (l). Define y := 4> x (£). This is the preimage of 
x by a holonomy map 7r as in (H2), (H2)', (H2)" or by a map ^ w ,x as above. 

Now, if y is given by tt as in (H2), the distance between x and y is smaller 
than 3m h. By Proposition 13.31 the Poincare distance between and £ is smaller 
than m\h since mi ^> Cim . 

For the other cases, y is very close to a point ?/ := <p x (— t log ||a;||ie 2 * 7r ' //p ) 
with respect to the Poincare metric. Recall that moh < t < 2moh 1. 
The Poincare distance between x and y' is bounded by the distance between 
and — t log ||x||ie 2l7r ^ p with respect to the Poincare metric on Ii x . Therefore, by 
Lemma |2T2"1 we deduce that distp(x,y r ) is bounded by a constant times m h~. It 
follows easily that distp(0, £), which is equal to distp(x, y), is smaller than mih. 
This completes the proof of the first assertion. 
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We prove now the second assertion. By Lemmas 14.51 and I4.6[ we only have 
to check that {a, } contains a subset satisfying the hypotheses of those 

lemmas. If a is in T reg , this is a consequence of Lemma 13.91 If a is in T smg , 
Lemmas 13.101 and 13.111 imply the result. □ 



6 Finiteness of entropy: end of the proof 

In this section, we complete the proof of Theorem 11.11 By Proposition 14.11 it is 
enough to show that the entropy of T reg is finite. By Proposition 15.11 we only 
have to check that each disc in is contained in a Bowen (R/3, e - R / 4 )-ball. 
So, Theorem 11.11 is a consequence of the following proposition. 

Proposition 6.1. Let x, y be two points of a disc 2D C 2Tf with D in Then, 
they are (R/3, e~ R ^)-close. 

The proof of this result uses Proposition 13.61 and occupies the rest of this 
section. Recall that by Proposition 13.3} we have c{ x < \r}\ < C\ on T reg . So, 
it is enough to check that x, y are conformally (R, e _3i? )-close and we have to 
construct a map ip from H>r to L y which is close to <p x as in the definition of 
conformally (R, e~ 3H )-close points. Proposition 16.11 is a direct consequence of 
Lemmas 16.31 and 16.41 below, which correspond respectively to the case where the 
leaves are far from the separatrices and to the case where the leaves are close to 
some separatrice. 

We have the following lemma which holds for x, y in 2D with an arbitrary 
disc D in Y N = y^ eg U Y^ ms . Recall that the trees F x and F y are isomorphic to 
Fjj. Therefore, there is an isomorphism a from F x to F y . Denote by x' the image 
of x by the basic projection associated to x and y. We say that the tree F D is 
complete if each element in Frj(m — 1) is joined to p elements in Fu{m) for any 
1 < m < N - 2m 1 . 

Lemma 6.2. Assume that the tree Fr, is complete. Then, there is a unique map 
ip' : Bjv?i — > L y which is locally the composition of <ft x with basic projections from 
leaves to leaves and is equal, in a neighbourhood of any point a in F x PI Djvbj to 
the composition of <p x with the basic projection associated to <p x (a) and 4> y (a(a)). 

Proof. Observe that by continuity, if such a map ijj' exists, it is unique. We show 
by induction on m that such a projection exists on D(a, mK) for a in F x (0) U 
. . . U F X (N — m) with 2m\ < m < N. Define x := <p x (a) and y := 4> y (a(a)). 
Denote also by D the element of Fjj associated to x and y. This is an element of 
F D (0) U . . . U F D (N - m) such that x and y belong to 2D. 

If x or y is outside the singular flow boxes |U e , since 2m\fi is small, <p x sends 
H)(a,2mih) bijectively to a disc in £~[e ]. So, it is not difficult to see that the 
desired property holds in this case for m = 2m\. When x and y belong to a 
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singular flow box ~U e , the property for m = 2ni\ is a consequence of Lemma 
12.111 Assuming now the property for m — 1, we have to show it for m. 

Recall that 2D is contained in 2D' n n (2D ) n . . . H 7r p _i(2Z> p _i). Here, 
D', are elements of "V m -\ U . . . U Yn-i and the 7Tj are holonomy maps from 
some transversals in T to the one containing D or a map ^f w>x as in Section [5j 
Define x l := vr~ 1 (x) and y l := 7r~ 1 (y). Denote by the points in F x such that 

Me) = x l - 

It follows from the induction hypothesis that there is a map ip[ from B(£ l , (m — 
l)ft) to which is the composition of <p x with basic projections from leaves 
to leaves. Moreover, it is equal, in a neighbourhood of any point b in F x D 
0(£ l , (m — l)ft), to the composition of (fi x with the basic projection associated 
to 4> x {b) and (f) y (a(b)). Also by induction hypothesis, there is an analogous map 
defined on 3(a,(m — l)h). From the uniqueness of these maps, we can glue them 
together. Using the second assertion of Lemma 15.21 we obtain a map defined 
on D(a, mh). □ 

Lemma 6.3. Let x,y,D be as in Proposition \6.1[ Assume that the tree Fp is 
complete. Then, x and y are conformally (R,e~ 3R ) -close. 

Proof. We have to construct a map ip satisfying the definition of conformally 
(R, e~ 3R )-c\ose points. Let ip' be the map constructed in Lemma T6.21 We deduce 
from the construction using (HI), (HI)' and Lemma \2 . 1 1 1 that — <f> x \\<g° < e~ 9R 
onD/jand \\^'-4> x \\^ < e~ m on D i? \0" 1 (uiU e ). Here, we use that \\<f> x \\<ga < e 2R 
on when we consider the Euclidean metric on and the Hermitian metric 
on L x . So, a priori, on 0~ 1 (U^U e ), the Beltrami coefficient associated to this map 
does not satisfy the condition required for conformally close (R, e _3i? )-points. 

Using the maps *& x ,y as in Lemma I2.12[ we can correct ip' in each connected 
component of 0~ 1 (|U e ) in order to obtain a map ifj" such that H^" — <t> x \\^o < e -8 ^ 
on B R and — <j> x \\<&2 < e~ 5R on D R \0^ 1 (ljiU e ). Moreover, ip" is holomorphic 
on 0~ 1 (u|U e ). Therefore, its Beltrami's coefficient vanishes on 0~ 1 (u|U e ) and 
hence satisfies the required property. It remains to modify ip" in order to obtain 
a map ip with ip(0) = y. But this can be done by composition with an automor- 
phism of D, close to the identity, as in the end of the proof of Proposition 13.71 or 
in the proof of Theorem 2.1 in pQ. □ 

The following lemma together with Lemma 16.31 completes the proof of Propo- 
sition 16.11 

Lemma 6.4. Let x,y,D be as in Proposition \6.1\ Assume that the tree Fd is 
not complete. Then, x and y are (R,e~ R ) -close. 

Proof. Since F D is not complete, there is a path . . . , <f m ) of the graph F x join- 
ing £° = to a vertex £ m such that 0x(£ m ) belongs to an exceptional transversal 
or to 2D' with D' an exceptional disc. Define x l := 4> X {C)- 
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The image of . . . , £ m ) by a is a path . . . , ( m ) of F y . We have seen in 
the proof of Lemma 15.21 that distp(£ l , and distp(£\ C* +1 ) are smaller than 
m\fi <C €q. Define y % := 4>yi,C)- There is a disc Di in Yn-i such that x l and y l 
belong to 2Di. So, there is a basic projection associated to x % and y\ Denote by 
z l the image of x % by this projection. 

Observe that dist(x m , z m ) < 10ai. Recall that a.\ := e~ e . Therefore, 
using Proposition 13.71 applied to A large enough, we obtain that x m and z m 
are conformally (2Nmih, e _4i? )-close. Moreover, the map ip associated to these 
conformally close points is obtained using basic projections as in (HI), (HI)' and 
Lemma 12.111 So, we can follow the path . . . , £ m ) and see that is sent by 
■0 to z l . So, is sent by ip to z := z°. By Lemma 15.21 the Poincare distance 
between and £ m is at most equal to mni\h. Therefore, x and z are conformally 
(Nmih, e~ 4R )-close. It follows that x and z are (R, e -2R )-close. Moreover, z 
belongs to a small plaque containing y and dist(^,y) < 2dist(x,y) < e _3i? . We 
deduce that z and y are (R, e~ 2R )-c\ose. This implies that x and y are (i?, e~ R )- 
close. □ 
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